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Abstract
In this article, we study the pentaquark state Θ+(1540) with a (scalar)diquark-
(pseudoscalar)diquark-antiquark type interpolating current in the framework
of the QCD sum rules approach by including the contributions from the di-
rect instantons. The numerical results indicate that the contributions from
the direct instantons are very small and can be safely neglected.
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1 Introduction
In 2003, several collaborations have reported the observation of a new baryon state
Θ+(1540) with positive strangeness and minimal quark contents ududs¯ [1]. The
existence of such an exotic state with narrow width Γ < 15MeV and JP = 1
2
+
was
first predicted by Diakonov, Petrov and Polyakov in the chiral quark soliton model,
where the Θ+(1540) is a member of the baryon antidecuplet 10 [2]. The discovery has
opened a new field of strong interaction and provides a new opportunity for a deeper
understanding of the low energy QCD. Intense theoretical investigations have been
motivated to clarify the quantum numbers and to understand the under-structures of
the pentaquark state Θ+(1540) [3]. The zero of the third component of isospin I3 = 0
and the absence of isospin partners suggest that the baryon Θ+(1540) is an isosinglet,
while the spin and parity have not been experimentally determined yet and no
consensus has ever been reached on the theoretical side. The extremely narrow
width below 10MeV puts forward a serious challenge to all theoretical models, in
the conventional uncorrelated quark models the expected width is of the order of
several hundred MeV , since the strong decay Θ+ → K+N is Okubo-Zweig-Iizuka
(OZI) super-allowed.
Instantons, as the solutions of the classical Yang-Mills equation of motion, play
a crucial role in description of the low energy strong interactions, such as the U(1)A
problem, dynamical chiral symmetry breaking, tunneling the θ vacuum and so on
[4]. In the quark-quark sector, the instantons induced ’t Hooft interaction has strong
flavor and spin dependence, which can explain a lot of hadronic phenomena. The
1Corresponding author; E-mail,wangzgyiti@yahoo.com.cn.
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instanton induced effective lagrangian leads to a strong attractive interaction in the
color antitriplet channel 3 with JP = 0+ which favors the formation of scalar di-
quarks (such correlation may also arise from the color-spin force of the one-gluon
exchange), and a strong repulsive interaction in the 0− channel [5, 6]. The instanton
induced interactions dominate the dynamics between quarks at intermediate dis-
tances about ρc ≈ 13 fm, which is much smaller than the confinement size R ≈ 1 fm,
therefore the quarks may cluster together to form diquark or triquark in the con-
fining region. So it is interesting to investigate the contributions from the direct
instantons [7] 2.
In this article, we take the point of view that the quantum numbers of the
pentaquark Θ+(1540) are J = 1
2
, I = 0 , S = +1, and study its mass with a
(scalar)diquark-(pseudoscalar)diquark-antiquark type interpolating current in the
framework of the QCD sum rules approach by including the contributions from the
direct instantons [8, 9].
The article is arranged as follows: we introduce the instanton liquid model in
section II; in section III, we derive the QCD sum rules for the pentaquark state
Θ+(1540) with the contributions from the direct instantons; in section IV, numerical
results; section V is reserved for conclusion.
2 Instanton Liquid Model
The instanton liquid model is based on a semiclassical approximation, in which
all gauge configurations are replaced by an ensemble of topologically non-trivial
fields i.e. instantons and anti-instantons [4, 10]. To avoid the notorious infrared
problem due to the large size instantons, we can suppose that for larger distance,
the vacuum gets more filled with the instantons of increasing size, at some scale there
might be some repulsive interactions to stabilize the ensemble while the semiclassical
treatment is still possible and the instantons are not much deformed through the
interactions, thus form a dilute instanton liquid. Although it does not give rise to
a long range confining force between quarks, the instanton vacuum has been shown
to provide a good phenomenological description of many hadronic properties, for
example, the coefficients of the Chiral lagrangian [11]. Phenomenological, numerical
and lattice calculations show that their total density is about n¯ ≃ 1fm−4 while the
typical size is about ρc ∼ 13 fm, leading to a small diluteness parameter n¯ρ3 ∼
10−2 . As the instanton vacuum is fairly dilute, we can take the single instanton
approximation for the collective effects in mathematical manipulation, which has an
outstanding advantage that we can carry out the calculations analytically. In the
single instanton approximation, the collective contributions of all instantons other
than the leading one are taken into account by a single effective parameter, the
2In writing the article, the Ref.[7] appears, it is an interesting article.
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effective mass m∗,
m∗q = mq −
2
3
π2 ρ2 < q¯ q >, (1)
which leads to the value m∗ ≃ 170MeV for the u and d quarks while a detailed
updated analysis suggests the value m∗ ≃ 86MeV [12]. In this article, we take the
usually used value m∗ ≃ 170MeV .
The crucial property of instantons, originally discovered by ’t Hooft , is the zero
mode of the Dirac operator iD/ in the instanton background,
iD/ψ0(x) = 0,
ψ0 a ν(x; z) =
ρ
π
1√
(x− z)2 + ρ23
[
1− γ5
2
x/ − z/√
(x− z)2
]
αβ
Ua b ǫβ b, (2)
where z denotes the instanton position, α, β = 1, · · ·4 are spinor indices and Uab
represents color orientations.
Isolating the contributions from the zero-modes, the quark propagator in the
instanton background can be written as,
SI(x, y; z) =
ψ0(x− z)ψ†0(y − z)
im
+
∑
λ6=0
ψλ(x− z)ψ†λ(y − z)
λ+ im
= SzmI (x, y; z) + S
nzm
I (x, y; z) ;
SzmI (x, y; z) =
(x/ − z/)γµγν(y/− z/)
8m
[
τ−µ τ
+
ν
1− γ5
2
]
φ(x− z)φ(y − z), (3)
where
φ(t) =
ρ
π
1√
t2
√
t2 + ρ2
3 , τ
±
µ = (τ ,∓i).
In the chiral limit, m→ 0, the SnzmI (x, y; z) is known exactly [13]. In the small dis-
tances limit |x−y| → 0, or in extreme dilute limit |x−z| → ∞, we can approximate
the nonzero models by SnzmI (x, y; z) ≃ S0(x, y), with S0 denotes the free propagator.
In this article, the instanton liquid model is taken into account by the zero-
mode part of the single instanton approximation mathematically, i.e. m→ m∗ and
SI(x, y; z) ≈ SzmI (x, y; z) .
The corresponding quark propagator for the anti-instanton can be obtained
through the substitution,
1− γ5
2
←→ 1 + γ5
2
, τ− ←→ τ+. (4)
3
3 QCD Sum Rules for the Pentaquark state Θ+(1540)
with Direct Instantons
In the following, we study the mass of the pentaquark state Θ+(1540) with the
QCD sum rules approach by including the contributions from the direct instantons.
Firstly, let us write down the two-point correlation function,
Π(p) = i
∫
d4x eip·x〈0|T [J(x)J¯(0)]|0〉, (5)
with
J(x) = ǫabcǫdef ǫcfg{uTa (x)Cdb(x)}{uTd (x)Cγ5de(x)}Cs¯Tg (x),
J¯(x) = −ǫabcǫdef ǫcfgsTg (x)C{d¯e(x)γ5Cu¯Td (x)}{d¯b(x)Cu¯Ta (x)},
here a, b, c, · · · are color indices and C = iγ2γ0 [8].
According to the basic assumption of current-hadron duality in the QCD sum
rules approach [9], we insert a complete series of intermediate states satisfying the
unitarity principle with the same quantum numbers as the current operator J(x)
into the correlation function in Eq.(5) to obtain the hadronic representation. After
isolating the pole term of the lowest pentaquark state, we obtain the result,
Π(p) = λ2
γ · p+mΘ+
m2Θ+ − p2
+ · · · , (6)
here the following definition has been used,
〈0|J(0)|B(p)〉 = λu(p). (7)
In the following, we perform the operator product expansion to obtain the spectral
representation at the level of quark and gluon degrees of freedom with the contri-
butions from the direct instantons. As the instantons are solutions of the classical
Yang-Mills equations in the Euclidean space-time, we have to rotate all the variables
from the Minkowski space-time region to the Euclidian space-time region,
Π(p) = −ǫabcǫdefǫcfgǫa′b′c′ǫd′e′f ′ǫc′f ′g′
∫
E
d4x e−ip·x
Tr
{
CSbb′(x)CS
T
aa′(x)
}
Tr
{
Cγ5See′(x)Cγ5S
T
dd′(x)
}
CSs
T
gg′(−x)C, (8)
here the subscript s denotes the s quark. The quark propagator has two terms, the
standard one (st) and the one in the instanton background (in),
Sab(x, y) = S
st
ab(x, y) + S
in
ab(x, y), (9)
In this article, we take into account the contributions from the direct instantons
by the zero modes in the single instanton approximation for the instanton liquid
model,
Sinab(x, y) ≈ SzmI , m→ m∗ . (10)
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Substitute the above quark propagator in Eq.(9) for those in Eq.(8), we can obtain
the following result,
Π(p) = −ǫabcǫdef ǫcfgǫa′b′c′ǫd′e′f ′ǫc′f ′g′
∫
E
d4x e−ip·x{
Tr
{
CSstbb′(x)CS
st
aa′
T
(x)
}
Tr
{
Cγ5S
st
ee′(x)Cγ5S
st
dd′
T
(x)
}
CSs
st
gg′
T
(−x)C
+ Tr
{
CSinbb′(x)CS
in
aa′
T
(x)
}
Tr
{
Cγ5S
st
ee′(x)Cγ5S
st
dd′
T
(x)
}
CSs
st
gg′
T
(−x)C
+ Tr
{
CSstbb′(x)CS
st
aa′
T
(x)
}
Tr
{
Cγ5S
in
ee′(x)Cγ5S
in
dd′
T
(x)
}
CSs
st
gg′
T
(−x)C
+ Tr
{
CSinbb′(x)CS
in
aa′
T
(x)
}
Tr
{
Cγ5S
in
ee′(x)Cγ5S
in
dd′
T
(x)
}
CSs
st
gg′
T
(−x)C
}
.
(11)
The important selection rule for the quarks in the instanton background
→
σi
⊕
~τi = 0, (12)
with σi is usual spin and τi is color spin, leads to the vanishing of one-body (i.e.
Sin), three-body, five-body instanton induced contributions, and remaining only the
terms in Eq.(11)3.
The calculation of operator product expansion in the deep Euclidean space-
time region is straightforward and tedious, here technical details are neglected for
simplicity, once the analytical results are obtained, then we can express the correla-
tion function at the level of quark-gluon degrees of freedom into the following form
through dispersion relation,
Π(p) = γ · p 1
π
∫ s0
m2s
ds
Im[A(s)]
s− p2 +
1
π
∫ s0
m2s
ds
Im[B(s)]
s− p2 + · · · , (13)
3In this article, we study the contributions from the direct instantons with the instanton
liquid model, as the instanton vacuum is fairly dilute, we can take into account the collective
effects of the instanton ensemble with the single instanton approximation mathematically. If
there is just one instanton, the last term in Eq.(11) should vanish due to the Fermi statis-
tics, however, we are dealing with the dilute instanton liquid, the induced contributions of all
the u, d, s quarks in the dilute instanton ensemble should be taken into account, in practical
manipulation, we can choose the corresponding ones with the single instanton approximation
mathematically. The diquarks Sa(x) = ǫabcuT
b
(x)Cγ5dc(x), ǫ
abcuT
b
(x)Cγ5sc(x), ǫ
abcdT
b
(x)Cγ5sc(x)
and P a(x) = ǫabcuT
b
(x)Cdc(x), ǫ
abcuT
b
(x)Csc(x), ǫ
abcdT
b
(x)Csc(x) have spin-parity J
P = 0+ and
JP = 0− respectively. They both belong to the antitriplet 3¯ representation of the color SU(3)
group. The one-gluon exchange force and the instanton induced force can lead to significant at-
tractions between the quarks in the 0+ channels [6]. As the instanton induced force results in
strong attractions in the scalar diquark channel and strong repulsions in the pseudoscalar diquark
channel, the contributions from the second and third term in Eq.(11) are canceled.
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where
Im[A(s)]
π
=
s5
2105!5!7π8
+
ms〈s¯s〉s3
285!3!π6
− ms〈s¯gsσGs〉s
2
294!3!π6
+
s3
2105!3!π6
〈αsGG
π
〉
+
9n¯
m∗4
d
dt
{
s4t10
5!5!211π6ρ2c
∫ 1
0
dα
∫ 1
0
dββ4(1− β)J10
+
ms〈s¯s〉s3t8
5!5!2123π4
∫ 1
0
dα
J8
α(1− α)
− ms〈s¯gsσGs〉s
5
2 t7ρc
5!5!21532π4
∫ 1
0
dα
18
√
α(1− α)J7 − ρcs 12 tJ8
(α(1− α))2
}
|t=1 ;
Im[B(s)]
π
=
mss
5
2105!5!π8
− 〈s¯s〉s
4
295!3!π6
+
〈s¯gsσGs〉s3
294!3!π6
+
9n¯
m∗4
d
dt
{
mss
7
2 t9
5!5!211π6ρc
∫ 1
0
dα
∫ 1
0
dβ
√
β
α(1− α)β
4J9
− 〈s¯s〉s
3t8
5!5!2103π4
∫ 1
0
dα
J8
α(1− α)
+
ms〈s¯gsσGs〉s 52 t7ρc
5!5!2143π4
∫ 1
0
dα
18
√
α(1− α)J7 − ρcs 12 tJ8
(α(1− α))2
}
|t=1 ,
here, the J10 = J10
(
tρc
√
sβ
α(1−α)
)
, J9 = J9
(
tρc
√
sβ
α(1−α)
)
, J8 = J8
(
tρc
√
s
α(1−α)
)
and J7 = J7
(
tρc
√
s
α(1−α)
)
are Bessel functions. We perform the operator product
expansion up to the condensates of dimension 6, neglect the terms ms〈αsGGpi 〉 due to
their small contributions. There are no contributions proportional to 〈q¯q〉2 from the
first term in Eq.(11), the direct instanton contributions from the second and third
term in Eq.(11) are canceled due to the special interpolating current.
Matching Eq.(6) with Eq.(13) below the threshold s0, then preform the Borel
transform with respect to the variable P 2 = −p2, we obtain the sum rules,
λ2e−
m
2
Θ+
M2 =
1
π
∫ s0
m2s
dse−
s
M2 Im[A(s)], (14)
λ2mΘ+e
−
m
2
Θ+
M2 =
1
π
∫ s0
m2s
dse−
s
M2 Im[B(s)]. (15)
Differentiate the above sum rules with respect to the variable 1
M2
, then eliminate
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the quantity λ2,
m2Θ+ =
∫ s0
m2s
dse−
s
M2 sIm[A(s)]∫ s0
m2s
dse−
s
M2 Im[A(s)]
, (16)
m2Θ+ =
∫ s0
m2s
dse−
s
M2 sIm[B(s)]∫ s0
m2s
dse−
s
M2 Im[B(s)]
. (17)
In this article, we have not shown the contributions from the higher resonances
and continuum states explicitly for simplicity.
4 Numerical Results
The parameters are taken as 〈s¯s〉 = 0.8〈u¯u〉, 〈s¯gsσGs〉 = m20〈s¯s〉, m20 = 0.8GeV 2,
〈u¯u〉 = 〈d¯d〉 = (−0.219GeV )3, 〈αsGG
pi
〉 = (0.33GeV )4, n¯ = n¯I + n¯A = 1fm−4,
ρc =
1
3
fm , m∗ = 170MeV , mu = md = 0 and ms = 150MeV . As the sum rules
are relatively sensitive to the condensates concerning the s quark, here we use the
standard values and neglect the uncertainties. The threshold parameter s0 is chosen
to vary between
√
s0 = (1.6 − 2.1)GeV to avoid possible pollutions from higher
resonances and continuum states. For the conventional ground state mesons and
baryons, due to the resonance dominates over the QCD continuum contributions, the
good convergence of the operator product expansion, and the useful experimental
guidance on the threshold parameter s0, we can obtain the fiducial Borel mass
region. However, in the QCD sum rules for the pentaquark states, the spectral
density ρ(s) ∼ sm with m larger than the corresponding ones in the sum rules for
the conventional baryons, larger m means stronger dependence on the continuum or
the threshold parameter s0 . Due to the large continuum contributions, the threshold
parameter s0 has to be fixed ad hoc or intuitively [16]. In this article, the threshold
parameter s0 is taken to be
√
s0 = (1.6− 2.1)GeV , the mass mΘ+ = 1540MeV and
the width ΓΘ < 10MeV , the contributions from the lowest pentaquark state can
be successfully taken into account. In the region M2 = (1.4 − 3.0)GeV 2, we can
obtain stable sum rules for the mass mΘ+ from Eq.(16); no reliable sum rules can be
obtained from Eq.(17). The numerical results are shown in Table 1. From Eq.(16),
we obtain the values mΘ+ ≈ (1450 − 1760)MeV without the direct instantons;
by including the contributions from the direct instantons, we can obtain the mass
mΘ+ ≈ (1430 − 1780)MeV for √s0 = (1.7 − 2.0)GeV . The contributions from
the direct instantons are very small and can be safely neglected. The contributions
from the direct instantons can improve the QCD sum rule greatly in some channels,
for example, the nonperturbative contributions from the direct instantons to the
conventional operator product expansion can significantly improve the stability of
chirally odd nucleon sum rules [14, 15].
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Table 1: The values of mΘ+ with M
2 = 2.2GeV 2
√
s0 mΘ+ (MeV ) mΘ+ (MeV )
(GeV ) With instanton Without instanton
1.6 1369 1395
1.7 1464 1483
1.8 1567 1571
1.9 1670 1660
2.0 1769 1748
2.1 1861 1836
5 Conclusion
In this article, we take the point of view that the pentaquark state Θ+(1540)
have quantum numbers, J = 1/2, I = 0, S = +1 and study its mass with the
(scalar)diquark-(pseudoscalar)diquark-antiquark type interpolating current in the
framework of the QCD sum rules approach by including the contributions from the
direct instantons. As the instanton vacuum is fairly dilute, we can take the sin-
gle instanton approximation mathematically, the collective contributions from all
instantons other than the leading one are taken into account by a single effective
parameter, the effective mass m∗. The numerical results indicate that the contribu-
tions from the direct instantons are very small and can be safely neglected.
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